We generalize the well-known lower estimates for the rst eigenvalue of the Dirac operator on a compact Riemannian spin manifold proved by Th. Friedrich (1980 ) and O. Hijazi (1986 
Introduction
The rst sharp estimate for the eigenvalues of the Dirac operator de ned on a compact n-dimensional Riemannian spin manifold was obtained by Th. Friedrich in 1980 . Using a suitable deformation of the Riemannian connection he proved the inequality 2 1 4 n n ? 1 S o ;
where S o denotes the minimum of the scalar curvature S. The discussion of the limiting case yields a stronger rst order equation, the so-called spinorial Killing equation (see Supported by the SFB 288 and the Graduiertenkolleg "Geometrie und Nichtlineare Analysis" of the DFG.
1 E-mail: friedric@mathematik.hu-berlin.de 2 E-mail: zgast8@mathematik.hu-berlin.de 5]). In 1986 O. Hijazi (see 9] ) generalized this inequality. He combined the technique used before with a conformal change of the metric and obtained the inequality 2 1 4 n n ? 1 inf M n S + 4(n ? 1) n ? 2 u ?1 (u) o :
This estimate holds for any positive function u de ned on a compact Riemannian spin manifold of dimension n 3 and the discussion of the limiting case yields again essentially the spinorial Killing equation. In particular, 2 is bounded from below by 1 
Generalization of the Hijazi inequality
Let (M n ; g) be an n-dimensional connected oriented compact Riemannian spin manifold without boundary. We consider two conformally related metrics g = e ?2h g, where h
is a real-valued smooth function on M n . Let us denote by (M) g and (M) g the spinor bundle of (M n ; g) and (M n ; g), respectively. There are natural isomorphisms j : T(M) ?! T(M) and j : (M) g ?! (M) g preserving the inner products of vectors and spinors as well as the Cli ord multiplication:
g(jX; jY ) = g(X; Y ) ; < j'; j > g = < '; > g ;
Let be a spinor eld on (M n ; g) and denote by := j( ) the corresponding spinor eld on (M n ; g). We use the same notation for vector elds, X := j(X). Lemma 2.3. Let be an eigenspinor of the Dirac operator D of (M n ; g) with eigenvalue 0 6 = 2 R such that r X = ? n X + ndf(X) + X grad (f)
holds for some real-valued function f and for all vector elds X. Then f is constant on M n .
Proof. The formula 1 2 Ric(X) ' = D(r X ') ? r X (D') ? The scalar curvature S of (M n ; g) is related to the scalar curvature S of (M n ; g) by a well-known formula. We formulate this equation in two di erent ways, rst for all dimensions n 2 and then for dimensions n 3:
Lemma 2.5. Let us now proceed to the main topic of this article. For this, we repeat once again the proof of the Hijazi inequality. Let us denote the real part of the hermitian inner product of spinors by (; ) g (resp. (; ) g ) and let v g (resp. v g ) be the volume form of (M n ; g) (resp. (M n ; g)). For shortness we introduce the notation h := e n?1 2 h . Using Lemma 2.1 and 2.5 one veri es: Then a direct calculation using Lemma 2.1, Lemma 2.5 and the Schr odingerLichnerowicz formula D 2 = + 1 4 S yields the equation 3 Lower eigenvalue estimates using the energy-momentum tensor Any eigenspinor of the Dirac operator D of (M n ; g) induces a symmetric (0,2)-tensor eld T de ned by In this section we will improve the inequalities ( ) and show the limiting case explicitly.
For g; g and h de ned as above, one easily veri es the following formulas:
Lemma 3.1. In particular, the 1-form is exact. Proof. We use a slight modi cation of the eld P(X) used in the proof of Theorem 2.6. 
